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1. Introduction

The emphasis on renewables, such as the goal set by the Department of Energy to have 20 percent
of electric power from wind by 2030, has raised the importance of efficiently managing wind, and
understanding the factors that affect the cost of using wind. Currently, wind energy accounts for a
small fraction in the market and the grid operators allow the wind energy producers to deliver any
amount of energy they produce at a given time. However, as the share of wind energy in the market
grows, such a policy will become impractical, and grid operators will need to make commitments on
the amount of wind energy that will be delivered in advance. Unfortunately, making commitments
is complicated by the inherent uncertainty of wind. This uncertainty can be mitigated by the
presence of storage, which also introduces the dimension of losses due to the conversion needed to

store and retrieve energy.
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We address the problem of making a commitment at time ¢ to deliver energy from wind during
the time interval [t,t+1). The model is most easily applied in the hour-ahead market, although
it can be used in an approximate fashion in the day-ahead market. Energy storage has long been
recognized as an important technology for smoothing the variability of wind (Castronuovo and
Lopez (2004), Korpaas, et al. (2003), Garcia-Gonzalez, et al (2008), Brunetto and Tina (2007),
Ibrahim, et al. (2008)). We assume that we store energy when the available energy from wind
exceeds the commitments we have made, but we may incur significant conversion losses. The prob-
lem has cosmetic similarities with classical inventory problems (storing product to meet demand),
but with some fundamental differences. Inventory problems are typically trying to control the
supply of product to meet an exogenous demand (Axséter (2000), Zipkin (2000)). In our problem,
we have exogenous supply (energy generated from wind) to meet demand by making advance com-
mitments. This problem is similar to the reservoir management problem which is characterized by
random rainfall (see Nandalal and Bogardi (2007) for an excellent review of dynamic programming
models for reservoir management). Our problem is distinguished by the need to make advance
commitments, along with our interest in a simple, analytical solution that can be used in economic
models.

In this paper, we derive an optimal policy for making energy commitments from wind in
the presence of an energy storage device. We then use this policy to study the economics of storage
capacity in this setting. Given the richness of the application, we analyze a stylized version of
the problem, which allows us to derive the optimal policy in a simple, analytic form. Our model
captures some important dimensions of the real problem such as the storage capacity constraints,
storage conversion losses and a mean-reverting process for real-time electricity prices. At the same
time, we make a number of simplifying assumptions. Some of these include:

e We assume that we are a small player in a large market, making it possible to sell all of the
energy we produce as long as we make advance commitments. In addition, we assume that if the
energy from wind (plus what is available in storage) falls below our commitment, that we can make

up the entire shortfall using the current spot price.
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e If the model is applied in a day-ahead market, we ignore the ability to make hour-ahead
adjustments.

e We capture storage capacity and conversion losses, but we otherwise ignore the physics of
energy storage, such as the relationship between the rate of storage and storage capacity, and the
impact of full discharges on battery life.

e We assume mean-reverting electricity prices and stationarity in the errors in wind forecasts.

e Our analytical model assumes that wind follows a uniform distribution, although we then
quantify this error in experimental comparisons using actual wind patterns.

More realistic models require an algorithmic solution. A goal of our research is a simple policy that
can be used in economic models without requiring the complex machinery of stochastic optimization
algorithms.

The goal of a wind farm operator is to maximize the cumulative profit over time by com-
puting the amount of electricity to commit to sell during the time interval [¢,¢+4 1) at each time t¢.
Brown and Matos (2008), Brunetto and Tina (2007), Castronuovo and Lopez (2004), and Korpaas,
et al. (2003) attempt to solve the problem by solving a deterministic optimization problem given a
particular sample path over a finite horizon and then averaging the results over the sample paths.
The sample paths are drawn from a fixed (T'+ 1)-dimensional distribution describing the electricity
generated from the wind farm during the time interval [t,t+ 1) for each t=0,1,...,7. However,
this approach does not produce a valid, admissible policy. In practice, we need a policy that allows
the wind farm operator to compute at time ¢ the amount of electricity to commit to sell during
the time interval [t,£+ 1) based on the state of the environment at time ¢. The objective of this
paper is to find such a policy and analyze it.

The contributions of this paper are as follows. 1) We derive an analytical expression for an
optimal policy, and the value of storage, for a stylized model of an energy storage process in the
presence of intermittent generation requiring advance commitments. 2) We establish assumptions
on the electricity price and the distribution of wind, size of the storage, and the decision epoch

intervals that allow us to derive the optimal policy for energy commitment in a closed form and
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explain the implications of those assumptions. 3) Under those assumptions, we derive the optimal
policy for advance energy commitment in a simple, analytical form, when we have a storage with an
arbitrary round-trip efficiency, and when electricity prices are mean-reverting. The optimal policy
obtained under such assumptions resembles the optimal policy for the well-known newsvendor
problem (Khouja (1999), Petruzzi and Dada (1999)). 4) We obtain the stationary distribution of
the storage level corresponding to the optimal policy, from which we find the economic value of the
storage as the relative increase in the expected revenue due to the existence of storage. 5) We test
our policy using wind energy generated from truncated Gaussian distributions and demonstrate
that the error introduced by assuming a uniform distribution for wind is reasonably small.

This paper is organized as follows. In §2, we model the wind energy storage problem as
an MDP with continuous-state and control variables. In §3, we present our assumptions and the
structural properties of the optimal value function of the MDP. In §4, the optimal policy for the
infinite horizon problem for a storage with general round-trip efficiency is obtained. Then, the
stationary distribution of the storage level corresponding to the optimal policy is obtained, from
which the economic value of the storage as the relative increase in revenue due to existence of
storage, is derived. In §5, we compute the economic value of storage using the wind speed data
obtained from the North American Land Data Assimilation System (NLDAS) project (Cosgrove,
et al. (2003)), and the electricity price data provided by a utility company. In §6, we summarize

our conclusions.
2. The model

Operating a wind farm depends on two markets: the electricity spot market and the regulating
market. We sell to the spot market and pay a penalty when we fail to meet our commitment.
The grid operator buys energy from the regulating market when we fail to meet our commitment.
In the spot market, the energy producers make their commitments to deliver (sell) electricity in
advance while the regulating market is a marketplace for reserve energy in which the producers

have the ability to sell electricity on a shorter notice than the spot market (Korpaas, et al. (2003),
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MacKerron and Pearson (2000), Morthorst (2003)). As a wind farm operator, when the electricity
production exceeds our expectation and we have an excess amount of electricity left over after
fulfilling the contractual commitment, we store the excess amount. On the other hand, when
the electricity production falls too short to meet the contractual commitment, we have to pay a
premium, a penalty for failing to meet the commitment, while the producers in the regulating
market make up for the gap. Therefore, if we commit too much, we can actually lose money.
We have revenues from our sale on the spot market and costs from tapping into the regulating
market when we fail to meet our commitment for delivery on the spot market (see Chapter 16 of
MacKerron and Pearson (2000) for a detailed exposition of the market system).

At each time ¢, the market participants submit their bid for the supply and demand for
electricity that must be delivered during the time interval [¢,£+ 1). The market overseer collects
the bidding information and determines the spot market and the regulating market price for the
time interval [¢t,¢ 4 1) shortly after the participants submit their bids. Therefore, as a wind farm
operator, we do not know what the prices will be when we are making our commitments.

We make the following assumptions. First, we assume that at each time ¢, we have a prob-
ability distribution of the electricity we will generate during the time interval [¢,t+1). Second,
we assume that we are a small participant in the market such that the market can always absorb
our supply and the effect of our bidding on the expected spot market and the regulating market
prices of the electricity is negligible. Then, the prices can be treated as exogenous variables and
we only need to determine the amount of electricity to commit to sell. Third, we assume that the
spot market price of the electricity is mean-reverting and the ratio of the expected spot market
price over the expected regulating market price is always less than the round-trip efficiency of our
storage with the discount factor. Otherwise, the cost of using the storage, which can be measured
by the conversion loss, will be greater than the expected cost of tapping into the reserve energy in
the regulating market, negating the purpose of using a storage device in the first place. The third

assumption is crucial in maintaining the concavity of the optimization problem.
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2.1. System Parameters

R = upper limit on the storage. (unit: storage energy capacity unit)

pr = coefficient used to convert the generated electricity to potential energy in the storage. (unit:
storage unit / electricity unit)

pr = coefficient used to convert the potential energy in the storage to electricity. (unit: electricity
unit / storage unit)

Note that 0 < pgpr < 1, where pgpr denotes the round-trip efficiency. Throughout this paper,
1 — pppr is referred to as the conversion loss from storage. prpg is around 0.6—0.8 for most of the
existing storage systems (Sioshanshi, et al. (2009)).

i, = mean of the spot market price of the electricity. (unit: dollar / electricity unit)

o, = standard deviation of the change in spot market price of the electricity. (unit: dollar /
electricity unit)

Kk = mean-reversion parameter for the spot market price of the electricity. « is proportional to
the expected frequency at which the spot market price crosses the mean per unit time. (unit: 1 /
time unit)

A7 = time interval between decision epochs.

m = slope of the penalty cost for over-commitment.

b= intercept of the penalty cost for over-commitment. (unit: dollar / electricity unit)

That is, when the spot market price of the electricity is p;, the penalty for over-commitment is
mp; +b.

py = mean of the electricity generated from the wind farm per unit time. (unit: electricity unit
/ time unit)

oy = standard deviation per unit time of the electricity generated from the wind farm. (unit:
electricity unit / time unit)

~v = discount factor in the MDP model. 0 <y < 1.
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2.2. State Variables

Let t € N, be a discrete time index corresponding to the decision epoch. The actual time corre-
sponding to the time index ¢ is tAT.
R, = storage level at time t. 0 < R, < Ry, VE.
Y, = electricity generated from the wind turbines during the time interval [t —1,t). Y; >0, Vt.
py = spot market price for electricity delivered during the time interval [t —1,¢). p, >0, Vt.
W, = ((Yt’)1gt/§t ,pt) = exogenous state of the system.

Si = (R, W) = state of the system at time ¢.

2.3. Decision (Action) Variable

xy = amount of electricity we commit to sell on the spot market during the time interval [¢,¢+ 1)
determined by signing the contract at time ¢. z; > 0.

Since we are making an advance commitment, x; is not constrained by R;. The lack of an upper
bound on z; indicates that we are a small player in the market and hence there will always be enough

demand in the market to absorb our supply as long as we are making an advance commitment.

2.4. Exogenous Process

7; = noise that captures the random evolution of Y;. Specifically,

M-1

Yit1 = puy AT+ Z a; (Yie; — py AT) + Ysa, (1)

=0

for some order M and coefficients «; for 0 <i < M —1. (4;),», and (Y}),., must be proportional
to AT.
Dy = noise that captures the random evolution of p,. Specifically, we use a discrete-time version

of the Ornstein-Uhlenbeck process:

Py —De =K (ftp = pe) AT +Prya

Let € be the set of all possible outcomes and let F be a g-algebra on the set, with filtrations F;

generated by the information given up to time ¢:

Ft =0 (S07x07}/1)817x17}/27527x25 "’aY;)Stuxt) .
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[P is the probability measure on the measure space (€2, F). Throughout this paper, a variable with
subscript ¢ is unknown (random) at time ¢t — 1 and becomes known (deterministic) at time ¢. In
other words, a variable with subscript ¢ is F;-measurable. We have defined the state of our system

at time ¢ as all variables that are F;-measurable and needed to compute our decision at time t.

2.5. Storage Transition Function

Rmax7 lf Rt + PR (Y;+1 - xt) 2 Rmax'
Rysy = R+ le (Yigr — 1), %f xy <Yip1, R+ pr(Yier —2¢) < Riax- 2)
Rt—g(xt—ytﬂ)a if Y <ay <ppRi+ Y.
0, if x> pply+ Y.

If Y, 1 exceeds the commitment z;, we store the excess amount Y, ,; —x; with a conversion factor,
pr. If Y 1 isless than x;, the potential energy in the storage must be converted into electricity with
a conversion factor, pg, to fulfill the gap, x; — Y; 1. If the amount of electricity generated during the
time interval [t,¢+ 1) plus the electricity that can be obtained by converting the potential energy
in the storage is not enough to cover the contractual commitment, we deplete our storage and
we have to pay for the gap. It is important to note the difference between the storage transition
function shown above and the transition functions that generally appear in traditional inventory
management and resource allocation problems (Axséter (2000), Zipkin (2000)). Unlike many of
the transition functions that appear in traditional problems, here R;,; is not a concave or convex

function of x; or R;, which makes the concavity of the optimization problem not obvious.

2.6. Contribution (Revenue) Function

The profit we make during the time interval [¢,¢ 4 1) is given by

a — P41, if Tt <10ERt+1/t+1-
o Pt+1T¢ — (mpt+1 + b) [wt - (PERt + Yt+1)] yif 2y > PR+ Y.

P12 is the profit we earn by delivering x; amount of electricity to the market during the time

interval [t,t+1), and mp;,1 + b is the penalty we pay in the case of over-commitment. Assume

m > and b >
PEPR PEPR

Hp- (3)
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Then, the cost of using the storage, which can be measured by the conversion loss, is less than
the cost of over-commitment. Otherwise, for the purpose of maximizing the revenue, there will
be no reason to use a storage in the first place. This affine penalty is sufficient to ensure the
concavity of the stochastic optimization problem. Note that these lower bounds on the penalty
factor are unfavorable assumptions - they make the environment in which we operate more adverse
and lead to a more conservative policy. If we have to operate in an environment where the above
assumptions do not hold, the optimal policy derived in this paper under the above assumptions
may not be optimal in maximizing revenue, but it should still be robust with limited risk - we lose

less money than expected in the case of over-commitment. Define
C(St,xt) =K |:Ct+1 | Sn%}

= [y + (1= RAT) (pr — )] | 20— / Fuy)dy| —b / Fdy,  (4)

0<y<zt—ppR¢ 0<y<zt—ppR:

where

Ft(?J):P[YtHSZ/ ‘ -Ft]

C(+) is known as the contribution, or the reward function. See §1 in the e-companion to this paper

for the derivation of (4).

2.7. Objective Function
Let II be the set of all policies. A policy is an F;-measurable function X7 (S;) that describes the
mapping from the state at time t, S;, to the decision at time ¢, x;. For each 7w €11, let

T
G7(S):=E |> A"7'C(Su, X™(Sy)) | S|, YO<t<T,

t'=t

where 0 <~ <1 is the discount factor and T indicates the end of the horizon. The objective, then,

is to find an optimal policy m = 7* that satisfies

G7 (S,) =supGT(Sy),

mell

forall 0<¢t<T.
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3. Main Assumptions and Structural Result

The main contribution of this paper is the closed form representation of the optimal policy for
advance intermittent energy commitments that also allows us to express the value of the energy
storage in a closed form. In order to achieve the results, we need assumptions on the probability
distribution of the spot market electricity price and wind energy, limit on the storage size, and the

decision epoch intervals.

3.1. Electricity Price and Wind Energy

First, we assume that (p;),», and (¥:),-, are independent in (Q,F,P). It is well-known that the
price of the electricity mainly depends on the demand as well as the main source of energy that is
controllable; for example, electricity generated from coal plants. It is fairly reasonable to assume
that the fluctuation in the electricity price is not significantly influenced by the fluctuation in the
uncontrollable and unpredictable energy supply from our wind farm, especially if we are a small
player in the market. In most cases, intermittent energy plays a minor role in the electricity
markets, anyway.

Next, assume (p;),, are i.i.d with distribution N(O,ai). Then, (p:),s, is a standard mean-

reverting process and
E [piyn|Ft) = pp + (1 = cAT)" (pr — ), ¥Yn,t €N, (5)

It is common to use a mean-reverting process to model electricity prices, as shown in Eyde-

land and Wolyniec (2003).Similarly, assume (¥;),., are 0O-mean and i.i.d with standard deviation

t>1
oy Ar. Then, in most cases, the distributions of @t>t21 are assumed to be truncated Gaussian
with mean 0 and standard deviation oy A7. However, in this paper, we assume that (y;),., are
uniformly distributed with mean 0 with standard deviation oy A7. Assuming that (¥;),, are uni-
formly distributed allows us to explicitly compute various expectations that are needed to derive

the optimal policy in a closed form. Since a truncated Gaussian distribution is bounded, as long as

we match the mean and the variance, a uniform distribution can be a statistically robust substitute
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for the truncated Gaussian distribution in the context of optimizing a value function. This fact
is demonstrated in §5 where we conduct numerical experiments in which we apply the optimal
policy derived under the assumption of uniformly distributed (%;),., to the data generated from

truncated Gaussian distributions. Then, given F;, Y, ~U (0,6, + 3), where
B:=2V30y AT

and
M-1

0p:=py AT+ Y 0; (Yo — py Ar)

=0

p
— 5 V. (6)

The cumulative density function (CDF) of Y;,; computed at time ¢ is given by

0, if y <0,
Fi(y) =PV <y | F]={ L2 if 6, <y<6,+p
1, if y>0,+0

The expected contribution function C'(-) is not indexed by ¢ because the CDF F,(-) is determined
by 6, which is a deterministic function of S;. The expected contribution is completely determined
by S; and x,;. However, it is important to note that 6; and 8 do not necessarily have to be defined
as shown above. The results obtained in this paper are applicable as long as we use a forecasting
model that predicts that the electricity produced during the time interval [¢t,¢+ 1) is uniformly

distributed given F;.

3.2. Size of the Storage

Next, we need an assumption on the size of the storage. Since the electricity price is mean-reverting,
if we have an infinitely large storage, a naive policy that stores the energy when the expected spot
market price is less than some fixed price and commits to sell the energy in storage plus the energy
we are certain to produce when the spot market price is greater than some fixed price, will be a
riskless arbitrage policy. Arbitrage here means that there is zero probability of losing money due
to over-commitment or losing energy due to the storage being full. There is always a significant
conversion loss. Such a case is comparable to trading a stock whose price is mean-reverting. In

reality, a storage with reasonably good round-trip efficiency that can be charged and discharged
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in a short amount of time will be expensive to build and maintain, and we need an intelligent way
of determining the appropriate size of the storage. We propose that the size of the storage be

determined in comparison to v, given by:

m—1 b
m b+ pepryin |

vi= pR%Q\/gmin (7)

It is obvious that as the penalty factors m and b become larger, we need to allow for a larger
storage since our commitment level will be more conservative and we will end up storing more
energy. Also, if the round-trip efficiency of the storage pgpr is small, we must allow for a larger
storage in order to compensate for the energy that will be lost in conversion. Next, since ypu, is
the discounted expected spot market price of the electricity, if yu, is small, we need to allow for a
larger storage since our commitment level will be more conservative.

What makes v interesting is the term oy /k. Recall that « is proportional to the expected number
of times the price crosses the mean per unit time. Then, 1/ is proportional to the expected amount
of time between two consecutive crossings. Therefore, oy /k is proportional to the volatility in the
wind energy that is produced while the spot market price “completes a cycle.” Since R,,.. deter-
mines our ability to accumulate energy while the price moves, we must allow for a larger storage
when oy /k gets larger. If R,,.. = 0o, we can implement an arbitrage policy, as explained above. If
Ra.x < v, we must implement a more active, risk-taking policy that considers the movement of the
price towards the mean but not “count on” the price reaching a desirable level within a desirable
amount of time. The middle regime in which v < R,.x < oo will demand the most complicated
policy that mixes risk-taking with arbitrage. Finding the optimal policy in this middle regime
will be an interesting research topic, but it is beyond the scope of this paper. For this paper, we

assume
m—1 b
"b+ prprYMp |

Ripax < pRJ—YZ\/gmin (8)
K

(8) is necessary in order to derive (10) shown in the next section, which in turn is necessary to

prove lemma (18) that is used to derive the marginal value function in a closed form. However,
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even though (8) is imposed for mathematical convenience, numbers come out reasonable, as shown
in §5. If we use real data to obtain oy, k, {1, prpr and use m and b that satisfy (3), if we let

Rmax

Oy PR

—1.7,

for example, (8) is satisfied. That is, we can have the size of R,,., in the same order of magnitude
of the standard deviation in wind energy. Having a storage of limited size allows us to obtain the
optimal policy in a closed form and provide us with various insights, as is shown in §4. Moreover,
before investing a significant amount of capital to build a large storage, it is reasonable to assume
that wind farm operators will start with a small storage, study its effects, and then subsequently
make the investment for additional storage. This paper derives the optimal policy for energy
commitment and the corresponding value of the storage when the storage is small.

As will be sown in §4, the optimal policy under the assumption (8) will still depend on the mean
of the electricity price and how far the price is away from the mean. However, the optimal policy
will be based on the premise that the storage is not large enough to allow us to avoid the risk of
over-commitment by waiting for the price to rise without facing the risk of losing energy due to
the storage being full. Thus, (8) forces us to always balance the risk of over-commitment and the
risk of under-commitment. We not only want to avoid paying the penalty for over-commitment,
but we also want to avoid committing too little and lose energy due to conversion and the storage
being full.

Suppose we have a large storage device and (8) is violated, but we choose to implement the
policy derived in this paper that is optimal under the assumption of small storage, anyway. Then,
the cost of over-commitment will not change, but the risk of under-commitment will be smaller
than expected because we are less likely to lose energy due to the storage being full. Therefore,

the optimal policy derived in this paper will still be robust when the assumption (8) does not hold.

3.3. Decision Epoch Interval

Finally, we need an assumption on how often we make our commitment decisions. We can re-arrange

the terms from (8) to obtain:
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Rmax m — Rmaxb 1
max [ ( PEPRY) : } <=
2v/3(m —1) proy — RuaxPrprYE 2V3pRroyvb — Ruaxprprytity] ~ K

We assume that the time interval A7 between our decision epochs satisfies the following:

Rmax (m - PEPR’Y) Rmaxb
2v/3 (m — 1) proy — RuaxPrprYE 2V3pRrOyb — RuaxPEPRYKL,

max[ }gmsi. (9)

(9) ensures that the price always moves toward the mean in expectation, but does not overshoot

and move pass the mean in expectation. The lower bound can be re-arranged to be written as

m—1 b ]

: 10
m — ppprY (1 — KAT) b+ pppryEAT L, (10

Rmax S pRB min

Since we have a limit on the size of our storage as shown in our assumption (8), if A7 is too large,
the amount of electricity that is produced between our decisions can be too large and we are likely
to lose energy due to the storage being full. (9) gives us a reasonable decision epoch time interval

AT.

3.4. Structural Results

In this section, we show some structural results of the value function. Let V;"(S;) be a function

that satisfies

V7 (Sr) = C(Sr, X7.(57)),

‘/;W(St) = C(St,XZT(St)) +’}/E [%11(5t+1)|5t] N V0 S t S T-—1.
Then, V7 (S;) =G7(S;), VO<t<T. For 0<t<T,let V,(S;) satisfy the following:

Vr(S7) = max C(Sr,x),

zER L

‘/t(St) = maX{C(St,.x)‘i"YE [‘/;+1(St+1)|3t,l‘]}, VOStST—l

zER

Vi(S,) is known as the value function. According to Puterman (1994), V;(S,) = G7 (S,), V0 <t <
T'. Denote

‘/;x(St,.T) =K [‘/;+1(St+1)|5t,:c] N YO0 S t S T.
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The augmented value function V,*(S;,z) is an example of a Q-factor. Let

z; = argmax {C(S;,x) + YV (Sy,z)} = X™ (S;), VO<t<T.

I€R+

Then,

Vi(Si) = max {C(S¢, x) + Vi (S, %)}

zeR L

= C(Stvx:) +7‘/tm(5’t7$:)7 V0 <t< T.

At the end of the horizon, we can show that

d
———Vr(Sr) = pe [y + (1 = KAT) (pr — )] (11)
dRr
and hence
d2

See §2 in the e-companion to this paper for the derivation of (11) and (12).

Now that we have defined the value function, we present its structure. The structural results
are mainly attributable to the storage transition function and the contribution function, and they
follow from three of the aforementioned assumptions: (¥;),-, and (p;),, are independent, (p;),,

is mean-reverting as shown in (5), and

m> and b >
PEPR PEPR

Hp-

Then, VO <t <T —1, we have:
Structural Result 1. C(S;,z) +~V*(S;, ) is a concave function of (R, x).

Structural Result 2. The optimal decision x} is positive and finite and

8 * a x *
%C(St,xt)‘{"y%‘/t (St,ivf):() (13)
Structural Result 3.
d
T&m(st) = pg [y + (1 — KAT) (pr — )] (14)

8Rt+1 3Rt+1 d
]E *
+y [(PE Oz + oR, ) dRury Vie1(Ses1) | Si, @)
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Structural Result 4. V(S,) is a concave function of R;.

Structural Result 5.

e [ty + (L= RAT) (pr — p1p)] < =5 Vi(Se) < le 1y + (1 = KAT) (pe — )] - (15)

See §2 in the e-companion to this paper for the proof of the above results.
In Structural Result 3, which shows the recursive relationship between the marginal value

functions, the meaning of the term

pE [ty + (L= KAT) (pr — pp)]

is obvious; if we had an extra AR; amount of energy in storage, we can commit to sell it and gain

AR;pp [y + (1= KAT) (pr — )]

in expected revenue. However, the second term requires some analysis. From (2), we know that

OR, 4+ n OR 4 s = 1—pEpr, if x; <Y1, R4 pr (Vg — ;) < Rpax-
PE B OR, "M 0, otherwise.

describes the conversion loss that occurs when we use the energy that is put into the storage when

we generate more electricity than we need to satisfy the commitment. Therefore, the term

OR OR d .
E KPE 8;:“ 4 8]tztl> th+1Vt+1(St+1) | Sy, z;

can be seen as the expected portion of the marginal future value function that is saved by not

having to go through the process of energy conversion.
4. Main Result - Infinite Horizon Analysis

In this section, we derive the marginal value function and the corresponding optimal policy for
advance energy commitment that maximizes the expected revenue in the infinite horizon case.
However, while we can obtain the value of always having a storage as shown in this paper, it is

important to note that the cost of always having storage is not the cost of installing the storage
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once in the beginning. Batteries have finite lifetime, and we might have to re-install them every
ten years, for example. We let T'— oo and drop the index ¢ from the value function:

T
V(S) = lim B\ y"C(S0 X7 (S0)) | 5,

t'=t

Then, V (S;) satisfies

V(S) = max {C(S;,z) +VE [V (Se11)| S, 2]}

zER

= C(Sp,27) +V*(Sh,27).

Since the structural properties shown in the previous section holds true for all T, V(.S;) main-
tains those structural properties. In §4.1, we derive the optimal policy using the main assumptions

stated in §2 and the structural results shown in §3. We first state:
THEOREM 1. The optimal policy, when the electricity generated from the wind farm is uniformly
distributed from 6, to 6, + B, is given by

K + (pr — ) (1 — KAT) Ky
m [y + (Pe — pip) (L = KAT)| +b

i =X" (S,)=ppR, +0,+ B (16)

where

1 Rmax
K, =1 VM <exp [7(1—pRpE) ]—1>,
B PR

and

1 RIIlaX
K2:1—7(1—HA7)% (exp |:7(1—/€A7’)(1—,0RpE)/8 o ] —1) )

Before proving (16), we first analyze its components. Since ppR; is the amount of electricity
that can be produced by converting the energy in storage and 6; is the amount of electricity that
is certain to be produced, pgR; + 0; can be seen as the riskless term. Since there is a limit on
the size of the storage and we lose energy if the storage is full, we always want to commit to
sell at least ppR; 4+ 0;. The issue is then how much more to commit relative to this base level.
Over-commitment is costly because the expected penalty always exceeds the expected spot price.

Under-commitment is costly for two reasons. First, excess production must be stored and storage
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is not free since the round-trip efficiency is less than 1. Second, since there is a limit on the amount
of energy you can store, R, if we commit too little and produce too much we lose the production
that cannot be stored. So the optimal extra commitment over the base level must balance the cost
of over-commitment and under-commitment. § is the uncertainty in the electricity production, and

committing

Ky + (pr — ) (1 — KAT) Ky
m [y + (pe — pp) (1 — KAT)] + b

(17)

fraction of 5 achieves the balance between the cost of over-commitment and the cost of under-
commitment. Note that the solution to a typical newsvendor problem states that the vendor should
always try to satisfy a fixed fraction of the random demand (Khouja (1999), Petruzzi and Dada
(1999)). However, in our case, the fraction is a function of the price because we can speculate on
the movement of the price that is mean-reverting.

In §4.2, we obtain the stationary distribution of the storage level corresponding to the optimal
policy. In §4.3, we derive the economic value of the storage as the relative increase in average

revenue due to the existence of the storage.

4.1. Optimal Policy

In this section, we prove the optimal policy (16) by first deriving the marginal value function. From

Structural Result 2, we know that the optimal decision x; must satisty

B} 0 L0 . OR d )
5 C(80a7) + 5 V(S ai) = 5-C(S,,27) +9E a;t:l th+1V(St+1)|St,a:t
= 0.

Therefore, in order to compute z;, we only need to know the derivative of V(S;y,) with respect to

R;.1, and we do not need to know V' (S;,;) itself. To derive ﬁV(S}H), we need the following

lemma:

LEMMA 1.

Rmax*R
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Proof: See §3 in the e-companion to this paper. The proof utilizes the inequality (10).

We know that 8; + 5 — z} is the maximum amount of excess electricity that can be left over after
fulfilling the commitment. Suppose that the inequality (18) does not hold. Then, pr (6, + 5 —x}) <
Rax — Ry, indicating that there is always enough room left in the storage to accommodate all
of the excess electricity, implying that there is no risk of under-commitment at all. However, we
have restricted the size of the storage as shown in (10) precisely to avoid such a situation. We
know that the optimal policy ought to balance the risk of under-commitment and the risk of over-
commitment. The above lemma allows us to compute diRtV(St) from which we can derive the

optimal policy. We first state:

THEOREM 2.
‘/ — 1 ]zmax Rt
(lRt (St) PEHp €XP l}y( pRpE) 3 < >:| ( 9)
— — 1 R ax R
pE (Pe — 1) (1 — KAT) exp [7(1—nAt) (1—pepr) = ( mtﬂ

Proof: Here, we show a condensed version of the proof by omitting various algebraic steps. See
84 in the e-companion to this paper for a detailed proof. We prove the theorem by using backward
induction in the finite horizon setting and letting 7" go to infinity. First, we make the induction

hypothesis that

d _ 1 1 ( Ruax — Rr_i\ ]’
MVT—i(ST—i) —PEﬂijO il [’Y(l — PRPE) B (pR)] (20)

i

pm s =) (1= R0 1 [ (1= k80 (1= pupe) 5 (BT

Jj=0

for some 7 > 0, and prove that

d A 1 /Ry — Ry > ] I
T (i+1) (ST—(i41)) PEMpE 7 [7( PRPE)ﬁ < o

j=0
i+1 j
1 1 Rmax - R — (2
+PE (pT—(i+1) —Mp) (1—-krAT) Z ﬁ [7 (1—rAt) (1 — prpE) 5 ( pRT ( +1)>] '
j=0 7"

From (9), we know that

d

———Vr(S1) = pety + pe (Pr — pp) (1 = KAT) .
dRy
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Therefore, the expression for #FVT_i(ST_i) shown above is true for i = 0. From (2), we can

show that
ORis1 | ORia\ 1 (Ruw—Bin)'
PE oz OR, ) j! PR T
J
Qo) f Bt - (Vi —an)| i < Yia, Rutpr (Vi = 27) < R
0, otherwise.

Next, by (18),

Then, we can show

aRt+14>8R2H~1 l Rmax_Rt+1 J ’S l'* _(1_ )l 1 Rmax_Rt I+
P0r " oR, ) I\ pr PR U TP RGEDIT s |

From Structural Result 3,

E

d
—Vr S (i
PTER— T—(i4+1) (ST—(i41))

ORp_,; ORp_,; d
= PE (Mp?L(l_’iAT) (pT*(’H*l) _Mp)) +9E [(PE a; * ORT T(ZH ) dRp_ ZVT i(Sr—i) | St (i+1)» T (7+1)]

i+1

1 1 Rmax - RT*(iJrl) > :| 7
pelt = [7( Prpe) p < PR
g 1 /R Rr_(iq1) g
max —_ —(i+
+pp (Pr—ar1) — t1p) (1= KAT) Z il [7 (1=rA7) (1= prpp) 8 < PR ﬂ ‘
j=0 "

Therefore, (20) is true for Vi > 0. Next, substitute ¢ for T'— (i + 1) . Then,

d = 1 1 /Ry — R\’
— 1— Zmax T
iR Vi(Sy) = peiy ]E y 7l [’Y( PRPE) > 3 ( o >]

T—t

1 1 Rmax_R —(i J
+pe (Pt — 1) (1 — KAT) = [ (1—©rAT) (1 - prpE) = < T (+1)>} ,
J J: 5 PR

I
=]

Vvt <T. If we let T go to infinity,

d d
T&V(St) = h_f{loo T&%(St)

1 Rmax - Rt
=wapMwamB‘—E;*

+pE (pr — pp) (1 — KAT) exp [’y (1=kKAT) (1= prpE) ; (Rma;R_Rt>] , Vt.
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0

To compute the optimal decision z; at time ¢, all we need to know is V(S¢41). Since we

_d
ARty

now know what ﬁV(S}H) is, we are ready to prove (16).

Proof of (16): From (19),

aRt+1 d

E

Ot V(S | St

PRPE 1 R } )

o, —PEPE (g 1- 1 21

upl_pRpE<Xp['y( pRpE)B o (21)
1R

— (py— 1) (1 — KA 2”RpE<e {1—% 1— ma"}—1>,

(pe — t1p) ( 7) T 7 ( 7)( pRpE)ﬂ o

Vx> ppR;+6,. To see the derivation of (21), see §5 in the e-companion to this paper. Then, from

Structural Result 2, we know that the optimal decision x; must satisty

0 0
+-C (S, 77) +78fwvw(5ta$2k)

ox
OR d
= Pros1 — (MPr i1 +0) Fi(x] — pply) +7E a;ﬂ dRir V(Si1) | Se, 7y
where
Pray1 = E[pepa|Fe] = pp + (1= KAT) (p — p1p) -
Therefore,
1 .
(mpy 41 +0) B(xt —peRy —0y)
OR d x
= Prir1 +E %thHV(StH) | St7$t:|
1
= ttp+ (pe — 1) (1 = KAT) = ypy—LELE_ <eX1o [w (1 - prpr) - )
1 —prpE B pr
1 Ra
—y (pe — pp) (1 — KAT)? 1/)37;)1; <eXp {’7 (1—=rAT) (1= prpE) 5 } 1>
~ PRPE Bop
= /,LpKl + (pt - Mp) (1 — HAT) Kg.
Then,

pp K1+ (e — pip) (1 — KAT) K 5

z; =ppR;+0,+
T O e i+ (P — ) (I — RAT)] b
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O

Note that both K; and K5 increases when prpg, Ruyax, Or 7y is reduced. We know that the optimal
amount should naturally depend on the penalty, the round-trip efficiency, the maximum storage
limit, and the discount factor as follows. First, it should decrease with increasing penalty, as being
short incurs the penalty. Second, it should increase with reduced round-trip efficiency, as being
long implies paying to store (losing energy). Third, it should decrease with increasing maximum
storage. If our storage capacity is greater, we lose less of the energy we do not sell, and we can
afford to be more conservative and commit less. Fourth, it should increase with decreasing discount
factor, because the value of what we store now to use in the future decreases with the discount
factor.

Next, suppose storage devices with sufficient capacities become ubiquitous in the future and
hence electricity becomes a very liquid asset just like stocks. Then, arbitraguers taking advantage
of predictable patterns such as mean-reversion will cause the electricity prices to behave more and

more like a martingale.

COROLLARY 1. If k=0, implying that (p:),, is a martingale, then K, = K, and

Dt
S =ppR, +0,+ ———
T, = pplt; + t+mpt+b

K, (22)
If the price is a martingale, it is “stochastically constant” and we cannot speculate on the future

movement of the price. Then, the fraction is just directly proportional to the ratio between the

current expected spot market price and the penalty price.

4.2. Stationary Distribution of the Storage Level

Now that we have the optimal policy (16), we want to assess the expected value of storage cor-
responding to the policy. In order to obtain a closed-form expression for the expected value of
storage, we must analyze the dynamics of our system at the steady-state and derive the stationary

distribution of the storage level. Denote

g Mt (pe — pp) (1 = KAT) K,

= |Vt
Y mluy + (pe— ) (1= KAT)] 41
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From (2), we know that Ry, is a function of (R, x},Y;,1). Since Y;,, is a function of 6, and
x; is a function of (R, Z;,0;) as shown in (16), we can think of R;,; as a function of (R;, Z,,6,).
However, because 6; is the amount of electricity that we are certain to produce and commit, we
know that R;,; in fact does not depend on 6,. Thus, R;,; is a function of (R;,Z;). Therefore,
if the random process (Z;),, is stationary ergodic, the process (R;),., will reach a steady-state.
Since (Z;),, is driven by (p;),, , we first need to know the distribution of (p;),, in steady state.

Here we use the term “steady-state” to refer to the unconditional process.

PROPOSITION 1. At steady-state,

ag

pe~ N <up,1_(1_’:AT)2> : (23)

Proof: We know that (23) is true if and only if (23) implies
o2
N ().
Pra M (= Aty
Suppose (23) is true. Then,

(1= RAT) (P — p1) ~ N<0 (L= A7) 0, )

"1—(1-rAT)®

Since p;,; is independent from p, and p;1 ~ N (0, 02) ,

o2
1= kAT) (pr +A~N@p>
( ) (P — tp) + Dea —(1- KAT)Q
Then,

2
%p

=, + (1 — kAT — + N,/\/'( ,)
Prs1 = pp + ( ) (Pt = pp) + P M T )

O
Since Z; is a deterministic function of p;, (Z;),, reaches steady-state when (p;),., reaches
steady-state. Although real-time electricity spot prices can be negative due to tax subsidies, it will
be extremely rare for the day-ahead forecast price to be negative. Thus, in practice, we may assume
that the price is always going to be positive. The first and second moments of Z; at steady-state
given p; >0 is
o | me K (e =) (1 - KAT) Ko

R P e i Y ey e S R B (24
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and
- K — ) (1 — KAT) Ky \°
22 ::E </’LP 1+(5 :up)( K T) 2) ’520 (25)
m[py+ (€ = pp) (1 = KAT)] +b
where
0_2
s > |
(“” 1—(1—rAT)?
Also, define
21::E|: o + (e = pp) (1 = KAT) |620],
mlhtp+ (= — 1) (L= RAT)
and

9

5 ot =) (L=rAT)  \*
ZQ'_E[<m[up+<e—up><1—mr>1+b> =

corresponding to the case where R,.x =0, which makes K; = K> =1. 7, ,72,21, and Zg can be

easily computed via Monte-Carlo simulation using sample realizations of € greater than zero.

PROPOSITION 2. Then, the stationary distribution of R; corresponding to the steady-state is

fr (1) = LP(R, <1]

dr
= = prpe \ (1—prpE) (1 - pepr)
:Zar+<Z+ > GX[ 7| Losr<Rmax
16 (r) I p——— o p ol {0<r<Rmax}
1 - (1—pepr) D
+—(1-— +Z1(1— ex 7Rmax o(r— Rmax 5 26
Ty ( (PrpE+Z1 (1= prpr)) exp [ P ( ), (26)

where 0 (+) denotes the Dirac-delta function.

Proof: Here, we show a condensed version of the proof by omitting various algebraic steps. See

§6 in the e-companion to this paper for a detailed proof. From (2) and (16), we can show that
P[Rt+1 :0 ’ Rt ] :P[Rt+1 :0 ] :71

and

Rmax 1— R
+( PEPR) t

P(Ry1 = Ruax | R =1—Z1 —
[Bets | R " peB Prb

in the steady-state. Also, from (2), we can show that

PEif O<u< Ry
th+1|Rt (u‘Rt) = { [)Riﬂ if Rt S’U,< Rmax '
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Therefore, we can write the conditional probability density function as

— 1
JRor R (W Ry =7) = Z10 (u) + @1{0§u<r} + —— 1 <u<Rumax}
B PrS

4 Rmax (]- —PEPR)T>
+11-Z, - + O (u— Rmax) ,
< ! pPrB pPrB ( )

where ¢ (-) denotes the Dirac-delta function. Since

in the steady-state, we know that the stationary distribution can be written as

Rmax

Fro (1) =Z28 (1) + 9 () Ljozre o + | 1 — Z1 — / g(r)dr | 6(r— R,

r=0

for some function g (r). By definition, the stationary distribution must satisfy

Rmax Rmax
th+1 (u) = / th+l’Rt (uv T) dr = / th+1|Rt (U‘Rt = T) th (T) dr = th (u) .
r=0 r=0

By computing the integral and matching the terms, we can show that

Z, (1—PRPE) PRPE (1—PR,0E) f
PrB * PrB * PrB /g(r)dr.

g(u) =

Taking the derivative with respect to u on both side gives

(1 B pRpE)g(u)

g (u) - PrB

Then, we can show that

g(T):<Z L _PrPE >(1—pRpE)eXp[(1—pEpR)T]

"1 prom pPrB PrB
and
a N — PEPR
1-7,— dr=——|(1- Z1(1— R |-
1 /0 g dr 1—pepr ( (brpe+ 21 (1= prpr)) exp [ PrB D

The stationary distribution (26) shows that if the round-trip efficiency is lower, the probability

of hitting the capacity limit Ry, is lower while the probability of depleting the storage is higher,

as expected.
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4.3. Economic Value of the Storage

Using the stationary distribution of the storage level obtained in the previous section, we can

compute the following:

COROLLARY 2. In steady-state,

max - 1—
E [Rt] — _Ri o (Zl + prE ) _PR/B (eXp |:( pRpE)Rmax:| _ 1> (27)
1 - prpE 1—prpe) 1—prpE prB

and the expected revenue in steady-state is

Cgg™ : =E[C(Si,2))] = ppprE [Ri] + pE 0] + 11,218 — (mpsy, +b) gZ

Rmax o2 ]- -
_ Mpr _ l’l’p/B <Z1 4 ﬁRpE ) prR <exp [( PRPE)RmaX] . 1) (28)
1 —prpe 1 —prpe/) 1—prpE PrB

_ Z, 1 Z
+u,0 <Z1 - m{ - 2> + pppty — bﬂf.

See §7 in the e-companion to this paper for the derivation of (27) and (28). We know that
K, =K, =11if R,.x =0. Therefore, from (28), if we do not have a storage and R,,.. = R; =0, Vi,

the expected revenue at steady-state would be

= Zy 1 Z
Css = 11, <21 - m% - 2) + pptty — 5572-

Then, the relative increase in the expected revenue in steady-state due to the existence of storage
is

_ Ol — ol

P o= (29)
Css
ﬂEPR Rmax =2 PRPE PE/)R Rmax:| >
=9 — - Z1+ exp |(1— -1
{ 1 —prpr Bpr < - pRPE) 1 —prpE < P [( PrPe) PrB

P

— ~ 1 b — ~ ~ 22 1 1%5% b 22
5. Numerical Results

In the previous section, we have derived the optimal commitment policy and the corresponding
value of the storage assuming that the forecast of electricity generated from the wind farm is uni-

formly distributed. However, the hourly wind speed data obtained from the North American Land
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120.0725°W | 111.3225°W | 102.5725°W | 93.8225°W | 85.0725°W | 76.3225°W
51.8125°N | 181.7084 132.0368 144.4341 172.7166 276.2300 351.6345
46.1875°N | 173.3216 119.7605 318.7690 347.1192 482.2868 531.8000
40.5625°N | 156.4102 231.1095 N/A 380.6635 401.7359 491.8443
34.9375°N | 121.7831 N/A 224.7323 212.8919 198.2480 728.0436
Table 1 Mean of the cube of the speed of the wind in January 2000

Data Assimilation System (NLDAS) project shows that when forecasting the cube of the speed
of the wind, a truncated Gaussian distribution fits the data better than a uniform distribution.
In this section, we simulate the wind energy process using a truncated Gaussian distribution and
compare the relative increase in revenue due to the existence of storage computed numerically by
implementing our policy (16) to the one computed theoretically from the equation (29).

From the NLDAS project, we extracted wind speed data from 22 locations across the United
States. Since the wind characteristics vary throughout the year due to seasonal effects, it is common
to assume that the wind process is time-invariant over a one month period but not beyond that
(Ettoumi, et al. (2003)). Therefore, we use separate model parameters and corresponding policies
for each month. We found that the third-order correlation is very small compared to the first and

second order correlation, and represent (Y;) the energy generated from our wind farm, as a

t>1

second-order AR process:

Yipi =py +ao (Y —py) + a1 (Yior — py) + Uit (30)

for some py,ap and «;. When we implement our policy (16), we assume (¥;),», is ii.d with
distribution I/ (—g, g) , for some 3. 8 is computed by matching /13—; to the variance of the residual in
the AR process, (Jt),~,- Hy’s (in m*/s®) for the selected 22 locations computed using the January
2000 data, for example, are given in Table 1 and 3’s (in m?®/s®) are given in Table 2. From
Table 1 and Table 2, we can see that uy’s and ’s are comparable in magnitude, implying that
wind energy production is highly volatile.
After we compute uy, ag,a; and 8 using the NLDAS data, we generate wind energy processes
(Y:),>, from equation (30) where (¥;),, is i.i.d and g, ~ N (0, f—;) , Vt. However, when we are

computing our commitment from our policy (16), we assume y;, ~ U (—g, g) .
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120.0725°W | 111.3225°W | 102.5725°W | 93.8225°W | 85.0725°W | 76.3225°W
51.8125°N 250.3154 103.6640 186.1639 127.5475 150.6440 241.4260
46.1875°N | 159.1172 86.1458 294.4335 305.5882 329.9655 447.0356
40.5625°N | 150.7949 151.0185 N/A 456.5994 354.0033 501.0571
34.9375°N | 167.9374 N/A 294.1367 242.8136 175.6343 494.2871
Table 2 Spread of the cube of the speed of the wind in January 2000

120.0725°W | 111.3225°W | 102.5725°W | 93.8225°W | 85.0725°W | 76.3225°W

51.8125°N 0.3682 0.1813 0.3378 0.1727 0.1213 0.1584
46.1875° N 0.2185 0.1630 0.2191 0.2073 0.1538 0.1969
40.5625° N 0.2245 0.1436 N/A 0.2985 0.2028 0.2394
34.9375°N 0.3457 N/A 0.3211 0.2722 0.2005 0.1444

Table 3  Relative increase in revenue computed by implementing our policy (16)

O =py +ao (Yo —py) +ar (Yies —py) —

N | ™

Next, we fit the hourly spot market price provided by a utility company to the process

D1 = pp + (1= KAT) (pr — o) + Dig1, (31)

where and (p),, are i.i.d with distribution N(O,ai). In our experiments, we use pgpr = 0.75,
v=0.99, u,=49.9, 0, =47.46, At =1, Kk =0.4182, m = 1.6, b = 67.5, and % = 0.5. Then,

Z, = 1912, Z, = .0467, Z, = .3270, and Z, = .1139. This gives

b =0.1893/ <“ﬁy 0.3411>. (32)

We implemented our policy (16) 100 times by generating the prices from (31) and the wind
energy process from (30) using the coefficients u,ag,aq and 5. Then, we computed the relative
increase in revenue due to the existence of storage for each implementation of our policy and found
the average of those values over the 100 experiments. Next, we computed the relative increase in
revenue directly from equation (29). The relative increase in revenue computed by implementing
our policy (16), averaged over 36 months, is given in Table 3. The relative increase in revenue
computed from (29) and hence (32), is given in Table 4.

From the above tables, we can see that the relative increase in revenue obtained through a

sample run implementing our policy (16) is comparable to the relative increase in revenue computed
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120.0725°W | 111.3225°W | 102.5725°W | 93.8225°W | 85.0725°W | 76.3225°W
51.8125°N 0.4919 0.2030 0.4356 0.1869 0.1268 0.1697
46.1875° N 0.2530 0.1804 0.2553 0.2382 0.1689 0.2231
40.5625° N 0.2719 0.1592 N/A 0.3843 0.2385 0.2955
34.9375°N 0.4929 N/A 0.4476 0.3534 0.2403 0.1673
Table 4  Relative increase in revenue computed from (29)
Theoretical VS Numerical
| L
04 /—// =
- |
A4
Figure 1 Plot of theoretical value of storage computed from (16) versus value of storage computed numerically.

using the closed-form equation (29), even though the wind energy processes are actually generated
from a truncated Gaussian distribution.

Figure 1 shows the relationship between the numerical results from Table 3 and the theoretical
results from Table 4. There are 22 data points corresponding to each of the 22 locations. For
each data point, the z-coordinate corresponds to the theoretical value computed from (29) and the
y-coordinate corresponds to the numerical value computed from our policy (16). The error bar
covers two standard deviations. In Figure 1, one can see that almost all of the data points are
slightly below the line y = x. That is, the relative increase in revenue computed from our policy
(16) is almost always slightly less than the relative increase in revenue computed from (29). This is
because the theoretical values were computed assuming that the wind energy process is generated
from a uniform distribution, which makes our policy optimal, while the actual experiment used wind

energy processes generated from a truncated Gaussian processes, making our policy suboptimal.
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The difference is approximately 15.6% on average.
6. Conclusions

In this paper, we have derived an optimal policy for making advance commitments of energy from
an intermittent source such as wind, in the presence of a finite storage buffer, energy conversion
losses and a mean-reverting process for electricity prices. The goal of the paper was an analytical
result that could be easily applied by energy economists, financial analysis and managers who need
to estimate the value of a wind turbine, or as a heuristic within a simulation-based model. For this
reason, we studied a stylized model which introduced several simplifying assumptions to make the
problem analytically tractable. In addition to deriving an optimal policy for our stylized model,
we were also able to derive an expression for the value of storage, making it possible to understand
the interaction of volatility in wind, the capacity of the storage device and storage losses.

Our model requires a number of assumptions such as stationarity in the wind and price processes,
and the assumption of uniformly distributed errors in the wind forecast. It would be nice if we
could show that the optimal policy always has a form similar to the newsvendor problem as shown
in (16), regardless of the distribution of wind energy. Another dimension arises in risk mitigation
when modeling heavy-tailed behaviors in electricity prices.

If the model were to be applied in the context of making day-ahead commitments, we have
ignored the ability to make adjustments in the hour-ahead market. An important extension would
be the derivation of a policy which captured the hour-ahead market within the day-ahead market.
A potential opportunity for future research would be to use the policy in this paper to plan
commitments in the hour-ahead market, and then use this to derive an analytical policy for the
day-ahead market.

Real-world energy storage tends to exhibit more complex physics than are assumed in simple
inventory models. For example, storage losses can be a function of the rate of energy production
(which varies with the cube of the wind speed), and the amount of energy that can be stored in

some devices can depend on the rate at which the energy has been stored. Finally, some devices



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply
Article submitted to Operations Research; manuscript no. OPRE-2009-09-406 31

such as compressed air require increasing amounts of energy as the device gets close to capacity
(compressed air storage devices can reach pressures of 3000 psi or more).

It is unlikely that we can derive analytical solutions for more general problems (for example,
those which capture nonstationarities in the wind or price processes), but it is possible that a
numerical solution could be used to calibrate an analytical model such as ours to reduce the errors
due to these effects. Ultimately, there will always be a need for accurate models which will have
to be solved using numerical methods, but at the same time we feel that there will also be interest
in analytical models that are easy to compute and which provide insights into tradeoffs between
parameters.

It is possible that some of the issues that arise in the analysis of energy problems may spark new
interest in problems in classical inventory theory which may share similar properties. For example,
there are applications in classical supply chain management where the supply of product is random,
and where vendors may have to make commitments to deliver product, using stored inventories to

help smooth over supply problems.
References

Angarita, J., Usaola, J. 2007. Combining hydro-generation and wind energy biddings and operation on

electricity spot markets. Electric Power Systems Research. T7(5-6) 393-400.
Axsiter, S. 2000. Inventory Control. Kluwer Academic Publishers, Massachusetts.

Barton, J. P., Infield, D. G. 2004. Energy storage and its use with intermittent renewable energy. IEEE

Transactions on Energy Conversion. 19(2) 441-448.
Boyd, S., Vandenberghe, L. 2004. Convexr Optimization. Cambridge University Press, New York.

Bouffard, F., Galiana, F.D. 2008. Stochastic security for operations planning with significant wind power

generation. IEEE Power and Energy Society General Meeting. 1(11).

Brown, P., Matos, J. 2008. Optimization of pumped storage capacity in an isolated power system with large

renewable penetration. IEEE Trans. Power Systems. 23(2) 523-531.

Brunetto, C., Tina, G. 2007. Optimal hydrogen storage sizing for wind power plants in day ahead electricity

market. Renewable Power Generation. 1(4) 220-226.



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply
32 Article submitted to Operations Research; manuscript no. OPRE-2009-09-406

Castronuovo, E., Lopes, J. 2004. On the optimization of the daily operation of a wind-hydro power plant.

IEEE Trans. Power Systems. 19(3) 1599-1606.

Cosgrove, B.A., et al. 2003. Real-time and retrospective forcing in the North American land data assimilation

system (NLDAS) project. Journal of Geophysical Research. 108(22) 8842-8853.

Ettoumi, F.Y., Sauvageot, H., and Adane, A.E.H. 2003. Statistical bivariate modelling of wind using first-

order Markov chain and Weibull distribution. Renewable Energy. 28(11) 1787-1802.
Eydeland, A., Wolyniec, K. 2003. Energy and Power Risk Management. John Wiley & Sons, New Jersey.

Garcia-Gonzalez, J., de la Muela, R.M.R., Santos, L.M., Gonzalez, A.M. 2008. Stochastic joint optimization
of wind generation and pumped storage units in an electricity market. IEEFE Trans. Power Systems.
23(2) 460-468.

Hennessey, Jr., P. 1977. Some Aspects of Wind Power Statistics. Journal of Applied Meteorology. 16(2)

119-128.

Ibrahim, H., Ilinca, A., Perron, J. 2008. Energy storage systems-characteristics and comparisons. Renewable
and Sustainable Energy Reviews. 12(5) 1221-1250.

Khouja, M. 1999. The single-period newsvendor problem: literature review and suggestions for future
research. Omega. 27(5) 537-553.

Korpaas, M., Holen, A.T., Hildrum, R. 2003. Operation and sizing of energy storage for wind power plants
in a market system. Intern. J. Electrical Power and Energy Systems. 25(8) 599-606.

Lohndorf, N., Minner, S. 2010. Optimal day-ahead trading and storage of renewable energies—an approxi-
mate dynamic programming approach. Energy Systems. 1(1) 1-17.

MacKerron, G., Pearson, P. 2000. International Energy Ezperience: Markets, Regulation and the Environ-

ment. Imperial College Press, London.

Morales, J.M., Conejo, A.J., and Pérez-Ruiz, J. 2009. Economic valuation of reserves in power systems with

high penetration of wind power. IEEE Trans. Power Systems. 24(2).

Morales, J.M., Conejo, A.J., and Pérez-Ruiz, J. 2010. Short-Term Trading for a Wind Power Producer. IEEE

Trans. Power Systems. 25(2). 554-564

Morthorst, P. E. 2003. Wind Power and the Conditions at a Liberalized Power Market. Wind Energy. 6(3)

297-308.



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply
Article submitted to Operations Research; manuscript no. OPRE-2009-09-406 33

Nandalal, K. D. W., Bogardi, J. J. 2007. Dyanamic Programming Based Operation of Reservoirs: Applicability

and Limits. Cambridge University Press, New York.

Olsson, M. Séder, L. 2004. Generation of Regulating Power Price Scenarios. Proc. IEEE PMAPS Conf.

26-31.

Paatero, J. V., Lund, P. D. 2005. Effect of Energy Storage on Variations in Wind Power. Online, (December

2004), 421-441.
Petruzzi, N., Dada, M. 1999. Pricing and the newsvendor problem. Operations Research. 40(5) 582-596.

Powell, W. B. 2007. Approxzimate Dynamic Programming: Solving the curses of dimensionality. John Wiley

and Sons, New York.

Puterman, M. L. 1994. Markov Decision Processes: Discrete Stochastic Dynamic Programming. John Wiley

and Sons, New York.

Sioshansi, R., Denholm, P., Jenkin, T., Weiss, J. 2009. Estimating the value of electricity storage in PJM:
Arbitrage and some welfare effects. Energy Economics. 31(2) 269-277.
Stokey, N. L., Lucas Jr., R. E., Prescott, E.C. 1989. Recursive Methods in Economic Dynamics. Harvard

University Press, Massachusetts.

Zipkin, P. H. 2000. Foundations of Inventory Management. McGraw-Hill, Boston.



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply
Article submitted to Operations Research; manuscript no. OPRE-2009-09-406

This page is intentionally blank. Proper e-companion title
page, with INFORMS branding and exact metadata of the
main paper, will be produced by the INFORMS office when
the issue is being assembled.



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply
2 Article submitted to Operations Research; manuscript no. OPRE-2009-09-406

Appendix
1. Proof of (4):

From

O .. = Piy1Tt, if oy <ppR;+ Y1
o DPer1Te — (Mpep1 +0) [vy — (pp Ry +Yis)], if 2, > pp R+ Y.

and the assumption that Y;,; is independent from p; i, we know that

C(Sy, ;) = E [@+1 | St,xt}

= / (Peer12e — (MPr 1 +0) [2: — pe Ry — y)) fi(y)dy + / (Pei10) fir(y)dy

0<y<Lzt—pgp Rt zt—ppRi<y
= Ptt+1T¢ — (mpt,t+1 + b) (xt - PERt) : / ft(y)dy + (mpt,t+1 + b) : / yft(y)dya
0<y<zt—ppR: 0<y<zt—ppRt
where
Dri1 =K [thrl | ]-'t] = p + (1—=rAT) (P — Np) )
and

O,lf y<9t
fe(y) = %a if0, <y<0,+8.
0,if 0, +8<y

Using integration by parts,

yf,(y)dy = / y[Fw)] dy

0<y<zt—ppR:t 0<y<zt—ppR:t
= yFi(y) ;5" - / Fy(y)dy
0<y<zt—ppR:t
= (xt—PERt)Ft(fUt—PERt) - / Ft(y)dy-

0<y<zi—ppR:

Therefore,

C(Si, ) = prasrze — (Mpyya +0) - / Fi(y)dy

0<y<z¢t—ppR¢
= [y + (1= £AT) (pr— )] | @i —m- / Fy(y)dy
0<y<zt—ppR:

—b / Fi(y)dy.

0<y<zt—ppR:
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2. Proof of Structural Results:

In this section, we prove the structural results. In §2.1, we first introduce the various derivatives

that are used for the proof. In §2.2, we introduce some lemmas that are also used for the proof.

Finally, in §2.3, we prove the structural results for the value function using backward induction.

2.1. Derivatives

Utilizing the derivatives of the contribution function and the storage transition function will be

central to the proof. First, from (4), we can compute the following derivatives:

0
%C(Sn T) = [Mp + (1= KAT) (pr — Mp)] (1 —=mFE,(z—ppR)] —bF,(z — ppRy),
0
o C(8ua) =+ (1= kAT) (p = wp)mppFi(z — ppl) + bppki(z — pply),
t
82
S5 C(Suw) == [y + (1= RAT) (i — )| m e = piRe) = bfulw = ppRe),
82
ﬁC(St, T)=— [Np + (1= krAT) (pr — Hp)] pQEmft (v —ppR:) — p2Emft (v —ppRy),
t
and
82
C(Si,x) = [y + (1 = KAT) (pr — pp)| pemfe(x — ppRy) +bpe fi(x — peRy),
&raRt
where

Next, from (2),

07 1f Rt + pR (}/:H»l - l’) Z Rmaxv

aRt#»l _ *PR, lf < Yt+1a Rt + PR (YtJrl - :C) < Rmaxa
Oz —$7 if Yip1 <2 <ppRi+ Y,
07 if prERt—f_}/;H-h
and )
O) lf Rt+PR (}/t-ﬁ—l —l') ZRmaX‘
8Rt+1 _ 1, if.%'<)/;+1, R+ pr (}/t-i-l —l') < Rpax.
OR, 1, if Yiiin <z <ppRi+ Y. '
0, if x> ppRi+ Y.
Note that
0 . . 0
%Vt (St,27) = %E Vi1 (Se+1)[Se, @] [o=az
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OR d
=FE [ 8;+1 th+1‘/;f+1(St+1)|St’l‘t:| )
and
9 0
TRtV?(tht) OR, E Vi1 (Se+1)[Se, 2] [ @}
aRt+1 d
=E —— V1 (S S, .
|: aRt th+1 t+1( t+1)‘ t?

This is because R,y is a continuous function of R; and x while W, is not a function of R; and =z.
The ability to exchange the derivative and the expectation is used throughout this paper. Next,

acknowledging that z; is a function of R;,

d 0 .. o dzy 0

thV (Sp,x}) - za—RtVt (Sy,x}) + iR, 0 —V2(S,x}),
(857 = 5 C(S1ai) + (8,1,
where
Z;’f{t - dthX”* (S,).

From (1) and (2),

0

ﬁC’(St, x) = [pp + (1= KAT) (pr — pp)|mpeF(x — ppRy) +bpeFi(z — ppRy)
t

= pe ([ + (L= RAT) (pr = p1p)] = ([ + (1 = KAT) (pr = )] [L = mF(x = ppRy)] = bF,(x = puRy)

= o (It 4 (L= 18 (0= )] = -C(S102)).

Therefore,
d o0 . dzy 0 .
T&C(Stv$t) = aRtC(St’xt)+ dR, axc(stvxt)
0 dxy 0
= +(1—krA - — —C (S, zy L —C(S,,
pi (D + (1= 607) = )] = 5 €81 ) + G Cl(Su)
dxy 0
= pi i+ (L= RAT) (o= )|+ (57 = pi ) 58,7, )

Next, from (3), we know that C(Sr,z) is a concave function of x. Therefore, xJ must satisfy

0

(%C(ST,QJ*T) =0,
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and from (8),

dax’ 0 .
= PE [Np"‘(l—KAT) (pT—/Lp)]+ <dR,17—: ) %C(ST,JIT)

= p [y + (1 = KAT) (pr — p1p)] -

Then,
d2

EVT(ST) — 0

Next, denote

gt(Rt+1,Wt) 3:EWH1 [Vt+1(‘5’t+1) ’ Stax] )

where R;,; is a function of Ry, z, and ?t+17 as shown in (2). Also, denote

d d
(Rt+17Wt) : th+1gt<Rt+17Wt) EWz+1 [dRHthJrl(St+1) | Sul“} , and
d? d?
9 (Riy, Wt) : = Wgﬂgt(RtHaWt) Ew, . [dR?H Vie1(Ses1) | St } .

Lemma 2.1: Then, VO<t<T —1,

92 OR\° &2 1 ,
. 2V (S;,z)=E ( 8;+1> dR%HVt-s-l(StH) | Sy, +p7Eft($_pERt)gt(07Wt)
1 , R..«— R ,
—— (1= prpz) fi(2)g (R, W) — prfi <x + t) 91 (Runax, W),
PE PR
where
, [ d
9:(0, W) : =Ew,, th+1Vt+1(8t+1) [Rip1=0,W ],
, d
gt(RnWt) : :EWtH dR V;t-&-l(St-',-l) ’Rt—i-l Rth] , and
t+1
, d
gt(Rma)th) : :EWt+1 dR 1Vt+1(‘5’t+1) ’Rt+1 RmaX7Wt:| .
t+

9;(0,W,) is the left-derivative and ¢, (Rmax, W;) is the right derivative.
Proof: From (6),

0 OR ,
%E [V(St+1) | Sth] = 8t+1

(Rt+17 Wt) | Sta
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/ 1 !/ 1
= - prY; (R4 pr(y — ), Wy) fiy)dy — Pl L (x—y) . Wi ) fi(y)dy

I<y<z+%%ﬂ mprRt<y§z

! 1 ! 1
= — / prY; (R + pru, Wy) fi(u+ x)du — / —q, <Rt + pu,Wt> fi(u+x)du
E

PE
O<u< Rmz;);g*Rt —prRt<u<0
/ / 1 / 1 /
= — prY: (R + pru, Wy) [Fi(u+ )] du — p—gt R, + p—u7 Wy | [Fr(u+ )] du.
E E
O<u< Rmz}*Rt —ppRt<u<0

Rmax—Ry

= —prg; (R + pru, W) Fi(u+ )| g% + / 59! (Ri + pru, Wy) Fy(u+ z)du

O<u< Hmax=fit

1 1 1 1
N (Rt L Wt) Rt o pr+ [ (Rt L Wt> Fy(u+ z)du,
PE PE PE PE
—ppR<u<0

using integration by parts. Then,

0
%E[V(Stﬂ) | Stvx]

Rmax -R i !
= —prkF} (90 + pRt) 9y (Rmaxa Wt) + pRFt(m)gt (Rn Wt)
1

1
_7Ft<x)g;£ (Rn Wt) + *Ft(l’ - pERt)gé (07 Wt)
PE PE

+ / P9 (Ri+ pru, Wi) Fy(u + x)du

O<u< Hmax—fit

1 1
+ / —9/ (Rt + —u, Wt> Fi(u+ x)du.
PE P

E
—ppRt<u<0
Therefore,
62
@E [V(Stﬂ) | StaJT]
1 1
= / 29l (R + pru, W) fi(u+z)du + / p—Qgé' <Rt+ pu,Wt> filu+2x)du
E
0<u<7Rmi’gRt —pERe<u<0 g

+p1Eft<w ~ peR) g (0.W,) — pl (1 prps) Fo(@)gl (R, Wh) — prefs (x i

OR\° d
( O > th2+1V(St+1)’St7:I;

Rmax - R /
t> gt (Rmam Wt)
PR

=E

1 /
+ —filz — peli)g, (0, W)
PE

]‘ / Rmax - R /
_p; (1 - PRPE) ft(w)gt (Rta Wt) — prfi (x + pRt> i (Rma)u Wt) .

Similarly,
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Lemma 2.2: V0 <t<T —1,

O Ve (Sua) = ORea\" & o sl b onf (o puR) g (0.1)
aRt t, L) = 8Rt th2+1 t+1(OPt+1 ts PEJt PELY) g (U, VW
1 Ry.x — R ,
——fi <x+ t> 9, (Ruax, Wi). (12)
PR PR

Proof: From (7),

0 OR ,
o BV (S0) | Sl =B | SR, W0 | .00
1
- [ @m0 [ (Rt—pE@c 0, ) () dy
I<y<w+Rma>;?—Rt r—ppRi<y<z
1
O<u< Rma};{ Ry —ppRt<u<0 L
Therefore,
0? 0 OR
TR%]E [V(St+1) ’ St7 ] aRt]E |: aé+1 /(Rt+17Wt) ‘ St7 :|
1
= 12 g/ (Rt + p—u, Wt> fi(u+z)du+ / 12 g/ (R + pru, W) fi(u+ z)du
—prRt<u<0 & O<u< Rme:));%*Rt
! 1 / Rmax - R
+pEgt (07 Wt) ft (:U - PERt) - 7gt (Rmaxv Wt) ft (I + t>
PR PR

Rmax -

=E
PR

2 2
<8Rt+1> d Vig1(Si1) | Spyx

/ 1
oR, ) dRE, e (o= pe) gl 0.~ o, (4

Also,

Lemma 2.3: 0<t<T —1,

i V() = B | P O v (1) | S| — f o= pR) 0.0
e (o Bt i ), (13)
PR
Proof: From (7),
o BV (Se) | St =B |20, ) | ]
- [ @m0 iwas [ (B0 W) Ry

x<y<x+R"“LRRt r—ppRi<y<z

R\
t) gt (Rmaxv Wt) .
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/ ! 1
= / 9, (Ry + pru, Wy) fe(u+ x)du + / g, (Rt + p—u, Wt> fi(u+x)du
E

0<U<Rm$_;3't —ppRi<u<0

= / g, (Re 4 pru, W) [Fy(u+ )] du + / g, <Rt+p1u,Wt> [F) (u+2)] du

E
0<u< Rmz;));;Rt —prRt<u<0
Rmax_Rt
= g (R + pru, W) Fi(u+ )| ,og ™ — / prY; (Ri+ pru, Wy) Fi(u+ x)du
0<u< Hmax=ft
/ 1 0 1 " 1
+gi | Re+ —u, Wy | Fy (u+x)[ue_, g, — —g | Re+—u, W, ) Fy (u+z)du
PE PE PE
—ppR<u<0
/ Rmax - R /
= g; (Rumax, Wi) Fy <$+ P t> —9; (0, Wy) Fy (x — peR:)
R
1 1
— / prY; (Ri + pru, W) Fy(u+ x)du — / p—gg’ (Rt —I—pu,Wt> F; (u+ z) du.
O<u<7Rm%}_Rt —peR:<u<0 o o
Therefore,
5?2 0 [0R,: |
8x8RtE[V(St+1) | Si,z] = &CE[ 8];—:19t(Rt+17Wt) | St,a:]
2 Rmax - Rt /
- gt (Rmaxuwt) ft x—i_pi _gt (O7Wt) ft (fE_PERt)
R
1 1 1 1
- / 1-prg, (R + pru, W) fe(u+2x)du — / 1'?% (Rt"i'pua Wt) fi(u+x)du
Rmax—Ry —ppRt<u<0 g g

o<u< R

—F |:8Rt+1 8Rt+1 d

/ Rmax_R ’
Or 8Rt th2+1 ‘/;+1(St+1) | St>$:| _ft (x_pERt)gt (OaWt)+ft <$+t> g (Rmax;Wt)-

PR
2.2. Additional Lemmas

We have defined all the derivatives we need, but before we move forward, we need two more lemmas.
First,

Lemma 2.4: If z} satisfies

0 * 0 T *
%C(Staxt) ""V%Vt (St,mt) =0,

then

OR OR d
ass Hl) W+1(St+1) | Stax: .

d
diRtVt(St) =pg [y + (1 = KAT) (pr — p1p)] +7E [(pE Ox + OR; ) dR:,

(14)
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Proof: From (8),

dT{tV;(St) = T&C(St?xt)_‘_’ydi&v; (S, z7)
dxy 0 . 0 .. . dx; 0 _,,
= PE [Np+(1 — KAT) (py _Np)] + <tht _IOE> %C(bet)‘{"yaiRtv; (Staxt) tht Oz V; (Stvmt)
dzt [ 0 0
= PE [:UJ;D_'—(l_’%AT) (pt _:U’p)] tht |:a C(Stvxt)"i_’ya (Stv‘rt)
0 15)
—PE - ox C(tht)_'_ryaR (Stvxt)

o . )
=pE[uﬁ(l—f@AT)(pt—up)HwE%Vt (St,fvt)JrvaRt *(Sp,x7),

where we substituted

5} . 0 . .
_pE'%C(Stv‘rt):PypE'aix‘/t (Si, 7).

Then,

OR d
T Vi(S)) = pe [y + (1= BAT) (0 = )] + B [pE e
t

ot V(SIS
(9Rt+1 d

R, : th-H ‘/26+1<St+1)’5t7xt:|

OR OR d
= pg [ty + (1 = KAT) (pr — pp)] +7E [(PE ad t+1>

+vE

% Al
9 T oR, ) amy, ) | S‘*’xt]
O
Next,
Lemma 2.5: V0O <t <T —1, if C(S;,x) +~V,*(S;, ) is a concave function of (R, x), then
Vi(5) = max {C(S1,2) +9V;" (Sio)} (15)
z€Ry

is a concave function of R;.

Proof: This follows from pp.87-88 of Boyd and Vandenberghe (2004)

2.3. Backward Induction:

We prove the structural results using backward induction. From (9) and (

10),

pE [ty + (1= KAT) (pr — pp)] < EVT(ST) < le [y + (1= AT) (pr — )]
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and
d2
——5Vr(Sr) <0.
dR2.

Therefore, we can assume

d 1
pe [y + (1= KAT) (Pry1 — 1p)] < 55— Vi1 (Sg1) < — [pp + (1 = KAT) (Prg1 — 1)) (16)
ARy PR
and
d2
mvtﬂ(stﬂ) <0, (17)

for some ¢t <T — 1. From (16) and (5) we know that

PE [uﬁ(l—ﬁﬁf)g (pt—up)} < 9:(0, W), gi(Re, Wy), gi(Rumax, Wi)

< = [+ (1= rA7) (= 1)

step 1) From (3), (4), (5), (11), (12), and (13), we can show that

[21 2] 2 0(80, 1) + 725 Vi (Se, ) %C(Sﬂxtwﬁyﬁmz(&,m) [Zl]
122 2 2 > 2
am%RtC(Staxt)_‘_’Y#Rt‘/tm(st’x) BLR?C(S“:L‘)_FW%R?V?(S“‘T) Z9
02 o o o
=22 <8m20(5t,:r) —i—’YWV?(St,x)) +2212 (MC(&#’%) +78x8Rt V;”(St,x)>

o [ 02 0?
+25 <(9Rfo(st’x)+78Rt2Vtz(St’x)>

=E

OR ORu1\> 2 1,
v <21 8?1 + 25 8;{?) th2+1V;E+1(St+1) | St,«T] - <mpt,t+1 +b—7pEgt(0,Wt)> ft(l“—PERt) (21 — PE

1 2 ’ Rmax_Rt ’ 1 2
—V % (1_pRpE) ft('r)gt(RUWt)_’yloth T+ gt(Rma)UWt) 21— —R2 y
PE PR PR

Vz1, 22 € R. However, from (17),

OR OR 2 d2
(Zl 5e T azt%tl> arz,, Ve B | St,x] <0.

E

Next, since

h>
PEPR

mZPY
PEPR

9 Hp,

and

L, Y
V=gl (0, W) < —— [y + (1= AT (b1 — i1y)
PE PEPR
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N [(1 — KAT) iy + (1= kAT (py — 1) + IiAT,up]
PEPR
(1—-rKAT)Y YRAT
= [, + (1 = RAT) (pr — ptp)] + 7
Iy (L= R T) (= )]+ L
< mpiig1+ 0,

1,
mp; 1+ 00— 7791&(07 W) > 0.
E

Therefore, the Hessian of C(S;,z) +yV;”(SF) shown above is a negative semi-definite matrix,
implying that C(S;,x) +~V;*(SF) is a concave function of (R;,x).

step 2) If 2, =0, fftH > x, since fftH > 0. Therefore, from (6),

OR: 11 > —ppr, if £, =0.
ox
Since
d 1
pe [y + (L= KAT) (Pes1 — p1p)] < ARy Ver1(Ses1) < o [k + (L= RAT) (Des1 — p1p)]
OR d
8?1 m%+1(5’t+1) | St,O} > —[pp+ (L= KAT) (e — )] -
Therefore,

) o .
%C(Stvo) +7%V2 (Stv 0)

3Rt+1 d
ox th+1

= — (mpri11+0) Fi(—peRi) +priv1 +7E { Vig1(Sis1) | 8,0

ORy  d

o mvﬂrl(stﬂ) ‘ Sno]

= priy1 +E

> Pri+1 — VPee+1 =0. (18)
Next, since p; 41 < mp; 1 +b, Iz¥ < 0o such that

Dt,
Filof —pufe) = "0

Therefore,

0

%C(St,xf) = — (mpres1+b) Fy(z) — ppRe) + prasr =0.
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Moreover, we know that

0 OR d
%Vf(St,x):E a;rlmvtﬂ(stﬂ) | S, x| <0, Var,
since
OR d
a;ﬂ <0 and mm+l(st+l) > 0.
Therefore,
2C(S Uy EV””(S Yy <o (19)
O ty Ty 78:5 t W, Ty ) S U

Since C(S;, x) +vV;"(SF) is a concave function of z, from (18) and (19),we know that 30 < z} <
z! < oo such that

a * a x *
%C(St"rt) +787xvt (Sta:vt) =0,

and it is the optimal decision at time t.

step 3) Since C(S;,x) +~V,*(SF) is a concave function of (R, x) and

x; =argmax {C(Sy,z) + V7 (S;,x)}

zER L

is the point where the derivative of C(S;,z) +~V;*(S;,x) with respect to x is zero, from (14) and

(15), it immediately follows that

d
T&W(St) = pelp + (1 = AT) (pr — )] (20)
OR OR, d .
+E KPE &t;l + a}tzT) AR Vis1(See1) | e,y |

and
Vi(S:) = C (S, x7) + V" (i, x7)
is a concave function of R,.
step 4) From (6) and (7),

ORiy1  ORiy
— <1 .
Oz + oR, = PEPR
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Since

d 1
pE [y + (1= KAT) (Pr1 — )] € 55— Vi1 (Se1) < — [pp + (1 = KAT) (pr11 — )]
dR; PR

(1—-pepr) [
PR

OR OR d
t+1 t+1> tp + (1= KAT) (pe — )] -

0<~E
=7 |:<pE ox + 8Rt th+1

Then, from (20),

Vt+1(5t+1) | Sui’?:} <

Pl + (1= RO (= )] < ViSO < o+ (1= popa) | Uy + (1= RAT) (= )]
=yt (1= R O7) (2= )]

In summary, by assuming

pE [y + (1 = KAT) (pe1 — pp)] < LV;Hl(SH—l) < : [y + (1 = KAT) (Prs1 — k)]

T dRiy or

and V;,1(S;11) is a concave function of R;,;, we were able to prove that

i ity + (1= KAT) (pi — )] <~ Vi(8) < ~

pr

1y + (1 = KAT) (pe — )] 5

~ dR;
and V;(S;) is a concave function of R;. Since
d d?
= Vr(Sr) = pe [y, + (1 = KAT) (pr — )] and ——>-Vr(Sr) =0,

dRy dR2

by induction, the above results are true for all 0 <¢ <T —1. Then, from step 1, step 2, and step
3, it follows that C(S;,z) +~vV;*(S;, x) is a concave function of (R, x), the optimal decision z} is
positive and finite and it is the point where the derivative of C'(S;,z) +~vV,*(S;, z) with respect to

x is zero, and

d OR OR d
T+ t+1> Vig1(Ses1) | S, xy |,

GV 80 = s iyt (1) = ) 498 | (e + )

forall0<¢t<T —1.
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3. Proof of (18):

Since
d
—=Vr(Sr) = pe [y + (1 = KAT) (pr — 11)]
dRy
from (9), x%_, must satisfy
0 OR
%C(STA@}_J +pp |ty + (1= KAT) (proy — Hp)] E [7(9;|5T1,$*T_1
1 1
=Pr,r-1— (mpT,T—l + b) B(x*T_1 —peRr_1 — 9T71) - [(1 - K/AT)pT,Tfl + KAT,Up] B’Y,OERmax
= 0.
Therefore,
Pr,r—1 — PT,T—1 {(1 — KAT) + FJATPT“%} %'YPERmax
Tr_ *PERTA —O0r_1 = B —
=t (mpT,Tf1 + b)
Prr—1 1 p, 1 >
=pf——""" ([1—(1—&rAT)= Rmax — kAT - Rmax
IBmpT,T—l +b < ( ) /BPE Prr-1 5W)E
= Prrr <ﬁ - <(1 — KAT) + K,ATMP> ’ypERmax> .
mprr—1+0b pPr,r—1

By manually computing the marginal value function and the optimal decision backward through

time, one can show that given S =Sr_1 =Sr_,=...= 5,

IZI; — HT > ‘T;fl — 9’11_1 > .T;w72 — 9T—2 > (L’S — 90.

Since 6, is the amount of electricity we are certain to produce during the time interval [t,t+ 1),
we refer to x; — 0,, the commitment over 6,, as the extra-commitment, Vt. Smaller the remaining
time period until the end of the horizon, greater the extra-commitment must be such that we do
not squander energy in storage by missing the opportunity to sell. If there is more time remaining
and more opportunity to sell energy in the future, we can commit less now and reduce the risk of
over-commitment. Therefore, the extra-commitment we make in the infinite horizon setting will
always be less than the extra-commitment we make in the finite horizon setting, if everything else

is equal.
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Let x; — 6, be the extra commitment we make in the infinite horizon setting at some time
t given that the state is S;. Next, let z%_; — 0r_1 be the extra commitment we make in the
finite horizon setting at time T'— 1 where T" denotes the end of the horizon. Then, we know that
xf— 0, <axh | —0p_ 1 if S;=S5r_;. Next, from (10),

D111 Rmax (M — pppry (1 — kAT)) < ppfB(m—1)prr_

and

Rinax (b + ’YPEPR"@ATH;)) < pr/B-

Then,

D111 Rmax (M — pppry (1 — KAT)) + Ruax (b+ peprycdti,) < prB (m—1) pror_1 +bprf,

which can be written as

Ry ax <mpT7T1 +b— peprPT,T-17 <(1 — KAT) + HAT'%)) <prB(mprr_1+b—pror_1).

Pr,Tr-1
Therefore,
Roax <1 — oEpn Pr,T-1 <(1 — kAT) + ROT Up >> < (1 _ Prr > '
PR mprr_1+0b PT,T-1 mpror_1+0b
Then,
Rmax - R -
@i — Op_ g + 2 L
PR
_ _ Ry — Rr_
= Prr1 /B — Pr.r-1 Y ((1 - /ﬂJAT) + kAT Hp > pERmaX + pERT_1 + —max 71
mprr_1+0b mprr_1+0b Pr,r—1 PR

_ Roinax _ 1-— Rp_
_ Pr,r-1 B+ (1 — pEPR Pr,r-1 ~ ((1 _ K,AT) + kAT Hp >> . ( PEPR) T-1
mpr,r—1+0b PR mprr-1+0b PT.7-1 PR

Prr-1 Rax Pr -1 Hp ) >
< + 1-— _— 1—&8AT)+ AT
mprr-1+ b/B PR ( PEPR mpror—1+ bfy <( ) Prr-1

PrT-1 Pr1r-1
< _Prroi _gig (1 - ) .
mpror-1+0b mprr—1+0

=p

If Sy = S5r-1,

Rmax*R
x;+Ttg9t+/3.
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4. Proof of (19):

Proof: We prove the theorem by using backward induction in the finite horizon setting and letting

T go to infinity. First, we make the induction hypothesis that

d ‘1 1 /Ryux—Rr_i\1’
e Vel (Sp) = E (1= o Dmax SM 21
dRT,iVT z(ST z) PE Hp par ]| {’7( pRpE) B ( PR )] ( )

)

+pe (Pr—i — pp) (1 — KAT) ; Jl' [7 (1—rAt) (1 - prpE) ; (Rrrmp_RRT—ZH

for some ¢ > 0, and prove that

p i+l 1/ Ryax— Rr_i\ 1’
Vr_is1)(Sr—(irn) = pE“”Z ﬁ [7(1 — PRPE) E <pRT>]

dRr—(it1) =
i+l ;
1 1 Rmax - R —(z
+pp (Prgen — ) (1= RAT) Y = [7 (1—rAt) (1= prps) ( = H))]
par B PR
From (9), we know that
d
———Vr(57) = pepy + pe (Pr — 1) (1 = KAT) .
dRr
Therefore, the expression for ﬁVT,i(ST,i) shown above is true for i = 0. From (2), we can
subtract R;; from R,,., and divide by pr to get
07 lf Rt + PR (th-&-l - xt) 2 Rmax-
Rmax - Rt+1 o % - (1/;+1 - xt) ) 1f Ty < }/tJrlv Rt + PR (}/tJrl - ajt) < Rmax-
PR - %%};t‘i‘pﬁlm; (i —Yiqq), if Yiii <z <ppRi+ Y.
e, if Ty > pply+ Y.

PR

Next, from (2), we know that

07 if Rt + PR (}/t+1 - l') Z Rmax'
6Rt+1 n 8Rt+1 . 1-— PEPR, ifz< 1/t+1, Rt + PR (th+1 - 33') < RmaX.

pe oz OR, 0, if Yign<ax<ppRi+ Y.
07 if IZpERt"’_Yt—i-l-
Therefore,
ORiy | ORI [ Ruax— Risr )’
PE + -\ ’m:m*
Ox OR; /) j! PR ¢

il PR
0, otherwise.

j
{ (1—pepr) 4 [M —(Yin —95?)} ; if z; <Y1, R+ pr(Yior —27) < Ruax.
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Next, by (18),

1 Rmax_R
fily) = 5, vai <y<ap+
PR

Therefore,

ORi1  ORi1\ 1 [ Ruax — Ris1\’
E — Sy, xf
[(”E or | oR, )j!( or | S

= (1—PEPR);, / [Rm;R_Rt—(?J—x:)] fi(y)dy

Rmax— Ry
PR

11 Ruax — Ry >j
= 1— — —_— U du

0<u< fimax—Fy
Su< A

11 Ry — B\

zy <y<zy+

Then, from Structural Result 3 and (22),

d
—Vr_ i Sr_ 3
dRTf(i+1) T (+1)( T (-‘rl))

= pi (p + (1= KAT) (pr—is1) — 1)) +7E [(PE

= PE (Mp +(1—kKAT) (p;“f(iJrl) - Np)) + PElp Z

6RT*¢ aRTﬂ‘ d
V —1 S — S —(i s x —(i
Ox - aRT(i+1)> dRr_; 7-i(S7—i) | St (+1)> L (+1)]

1 Rmax_R —(2 G
[’y(l—pRpE)< - (H))]

=0 (j+1)! B PR
+ ( )(1 A )i 1 |: (1 A )(1 )1 <Rmax_RT(i+1)>:|j+1
—(i - — KR T T — K T — —_
PE \PT—(i+1) — Hp Fa G+ 1) v PRPE 3 on
it1 i
1 Rmax - R — (7
= PElp +PEMpZ = [7 (1—prpr) < = H)ﬂ +PE (pT—(z'H) —Mp) (1-rKAT)
= p PR
Al 1 1 Rmax - RT—(i+1) 7
+pr (Pr—(i41) — Hp) (I—KAT)Z,—' Y1 =KAT) (1= prpr) =
= B PR
i+1 j
1 1 Rmax - RTf(i+1) >:|
= - 1— =
pEup;j! [7( prre) g < -
41 1 1 R RT () j
max —(i+
4o (pron = iy) (L= RAT) Y 5 [v (1= RO7) (1= prps) 5 ( = )}
j=0"

Therefore, (21) is true for Vi > 0. Next, substitute ¢ for T"— (i + 1) . Then,

d gy

1 Rmax_Rt J
—Vi(S,) = — 1-— - —
dR, t( t) PE,Up;j! [’Y( PRPE) 3 ( on >]
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T_ .
1 Rm X RT— 1+1 !
+pe (pr — 1) (1 — KAT) Z [ 1—&&7)(1—pRPE)B< . P o )
R

0

vVt <T. If we let T go to infinity,

d . d
- li - 1 e A
- T G
Tt 1 /R Ryr_(iv1) ]
) max ~— LVI'—(i+1
+pr (9 — 1) (1 — KAT) T@w;ﬂ {7(1—,@7)(1—03%)5 ( on )]

_pE:U’pijl { (1= prpE) ;( >]

7=0
- 1 1 Rmax_R — (2 7
+pE (pr — 1p) (1 — KAT) Z'[ 1—/-@&7’)(1—/)RpE)< T (H))}
0 B PR
]— RmaX*Rt
= vty exp |7 (1= prpe) o
1 Rmax_R
s (50— ) (1= 5ST) exp {m —RA) (L= pupe) (p)} v,
R
5. Proof of (21):
From (2) and (6),
8Rt+1 1 Rmax - Rt+1
1_ Z [ Zlmax T T4l
5y P [v( PRPE) 3 < o
07 if Rt + PR (Yt—i-l - IB) Z Rmax-
B —pPREXDP | [ (1—prpe % (Rm%RRt (Y;-H - 33))} , <Y, Ri+pr(Yigr — ) < Ruax.
_i eXp [ 1 . pRpE % (Rmax_Rt —|— PRPE (:L‘ - }/;+1)):| 9 lf }/t+]_ S Xz < pERt +§/t+]_. .
if 2> ppR+Y .

Therefore,

aRt+1 ]- Rmax - RtJrl
E[ O exXp [’Y(l PRPE) 3 < R >] | Stax:|

—on [ e (B g0) | Wy
z<y<a:+RmLRRt
Rmax_Rt
T e () o

z—ppRi<y<z
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1 max — 1t
= _:ORB / exp [ (1—prpE) (PR —U>] du

Rmax—R¢
0<u< R

1
s
vi el (B0 S0
- exp |7 (1 — prpE) = u || du
pE B B  prpE

—ppRt<u<0

1—prpE PR =
PR 1 <Rmax - Rt 1 >:| 0
exp |y (1— 2 - W lu=—
1 —prpE [’y (1= Prre) B PR PRPE ptt
1 Rmax
- Pr (eXp [7(103/)1;) ]1> Ve 2 ppll + O
1-— PRPE B PR

Similarly, we can show that

aRt+1 . _ l Rmax - Rt+1
E[ 5 P [fy(l KAL) (1 pRpE)ﬁ <PR )] \St,x}

1 Rmax
—__Pr <exp [’y(l — kAt) (1 — prpE) = ] - 1> , Ve > pp R, + 0,
1—prpE B pr
Therefore,
ORi d
E
{ e R Se) | St’x]
PRPE 1 Rmax:| >
= —p,———— | ex 1— - -1
'upl—pR,OE< P{ ( PRPE)B R
1 Rmax
—(pe — pp) (1 — KAT)Q . PRPE < [ (1—kAT) (1= prpE) = } - 1) ,
B pr
Vo> ppR+0,.

6. Proof of (26):

From (16),

Ty = ,OE'Rt +0t + Ztﬁ

Then, from (2),

1
P[Rprl = O | Rt, Zt] = B (I‘: — pERt — Ht) = Zt

and

]P)[Rt+1 :0 | Rt] - E[Zt] :71
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:P[Rt+1:0]

in the steady-state. Similarly,

P {Rt—i-l = Rmax ’ Rth]

1 1 <x: + Rmax - Rt _ 9t>
R

B p
1 Rmax*R
= 1—(pERt+Zt/3+f)
g R
— 1 _Zt_ Rmax + (1 —PEPR) Rt
PrS prB

and

in the steady-state. Moreover,

PE if O<u< R,
friair, (U|Ry) = { p}% if R, <4< Rupax

Therefore, we can write the conditional probability density function as

_ 1
th+1|Rt (U|Rt = T) = 710 (u) + Pr 1{0§u<r} + 1{T§uSRmax}
B PrB

o4 Rmax (]- - PEPR) T)
+(1-7, - n 5 (1t — Rua) s
< ' PrB PrS ( )

where ¢ (-) denotes the Dirac-delta function. Since

we know that the stationary distribution can be written as

Rmax

Jre (1) =216 (r) + 9 (r) L{o<r< R} + 1—21—/9(7’)d7” O (r — Rmax) »
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for some function ¢ (7). By definition, the stationary distribution must satisfy

Rmax Rmax

th+1 (u) = / th+17Rt (U,T) dr = / th+1|Rt (U‘Rt = T) th (T) dr = th (u) .

r=0 r=0
Now we want to compute the integral

Rmax

/ th+1|Rt (U‘Rt = 7“) th (T’) dr,

r=0

using (23) and (24). Since there are two many terms in the equation, we separate the computation
into three steps corresponding to the three terms in (24). Then, in the fourth step, we combine the

terms corresponding to 1{o<,<gy..} to compute g ().

Step 1)
Rlnax
71 / th+1‘Rt (u|Rt:7’)5(r) dT‘
r=0
= Z1fry1ir, (u[ Ry =0)
2 7 - - Rmax
= 2000+ e + 71 (12 7= ) 5 0 R (29
Step 2)
Rmax Rmax
1-7Z, — / g(r)dr / SRR (W Ry =7) 6 (r — Runax) drr
r=0 r=0
Rmax
= 1_71 - / g(r) dr th+1\R: (U|Rt:RmaX)
r=0
Rmax Rmax
=(1-7- / g(r)dr | Z:6(u)+ [ 1-Z, - / g(r)dr | P21 ey
pPrB
r=0 r=0
Rmax R
v1-2 - / g(r)dr <1—Z1—mm‘>5(u—RmaX). (26)
pPrB
r=0
Step 3)
Rmax

/ Fresnim (ulRe =) g(r)dr
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R Rmax
- [Zow+ (1-2- 22 s Raa] - [ st (27)
PrB
r=0
1 R ax Rmax
+0 (4 — Ruax) (0= prpr) / rg(r)dr + e / g(r)dr + — / 7)dr | 1{0<u<Rumax}-
PrB 7 B J

Step 4) Collecting the 1{g<y<pu.. terms from (25), (26), (27), we get

J— Rmax Rmax
Z, - / PRPE | PE /
—+|1-Z, - r)dr +— r)dr + —
PrB ! o 9(r) PrB 5 J
7 . u
_ Z1(=prpE) _ prpe _ prps ydr - /
PrB PrB PRB PrB
Zy(1—prpe) | pree | (1— PRPE) /
= + + g(r)dr 28
PrB PrB PrB 7, (r) ( )

= g(u).
Taking the derivative with respect to u on both side gives

vy (1= prpE) u
g(U)—ipRB g(u).

Therefore,

(1= pepr) u]

g(u) = aexp [
PrB
for some constant a. Since

u

MEPR)/g(r)dr:aexp {u_pEpR)U} —a,

pPrB 5 PrB

from (28),

Z, PRPE

a= 1—- +
p ( IORIOE) PRﬂ
( PRPE > (1 - PRPE)
1 —prpE PrB

Next,

oo e 2) (ol 2]
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_ 1— _
_ <Z1 | _PrPE )exp [( PEPR)RmaX] 7, _ _Pnrr

1—pppr prp 1—pppr’
Then,
Rmax
1-Z,— / g(r)dr
r=0
_ 1
- - — < 1 + pRpE) eXp |:( pEpR) Rmax:|
1—pEpr 1—pepr PrB
1 1-— _ 1—
= — <1 — PRPE €XP {(pEpR)RmaxD — Zexp [( pEpR)Rmax}
1—pepr pPrB PrB
1 7 (1 - PEPR) ] >
=—|1- +Z:(1— exp | ———2 Rax
1— pupn < (PRPE 1 ( PE/JR)) p [ ol
Therefore,

- - pree\ (1 —prpE) (1 - pepr)
r:Z5r+<Z+ > ex[ 7| Lo<r<Roax
fr(r) 10 (r) ' 1—prpE PrB P PrB (07 o}
1

R (1 — (prpE+ Z1 (1 — pEpr)) exp [u_pEpR)RmaxD 0 (r — Riax) -

1 —pEepr Prb

7. Proof of (28):

From (4) and (16),

C(St,2}) = prap1x; — (Mpyii1 +0) - / Fi(y)dy

0<y<azy—ppR¢

1
= Prena®; = (MPrasa +0) 5 / (y—6,) dy
0t<y<zy—ppRi
1
] = (s +8) o 07— 0
= i1 (PR + 0.+ Z:3) — (mpy 11+ D) §Zt2

= [pp + (L= KAT) (pr — p1)] (pe Ry + 0, + Z,3)

g

— (m [, + (1= KAT) (pr — )] +b) §Zt2

From (26), the stationary expectation of the storage level is given by

Rmax

E[R) = /rth(r)dr



Kim and Powell: Optimal Energy Commitments with Storage and Intermittent Supply

24 Article submitted to Operations Research; manuscript no. OPRE-2009-09-406
1 — 1—
- Rmaxi (1 - (pRPE + Zl (1 - PEPR)) exp |:(pEpR)Rmax:|>
1 —pepr PrB
Rmax
_ 1-— 1-—
n <Z1 4 _PRPE > / T( PRPE) exp [( PRPE) T] dr
1—prpE /. PrB PrD
1 — 1—
- Rmaxi <1 - (pRpE + Zl (1 - PEPR)) exXp |:(pEpR)Rmax:|>
1 —pepr PrB
— 1—

+ <Z1 + PRPE ) rexp [( pR,OE),r] !f;“oa"

L —prpE PrB
Rmax
— 1-—

_ (21 n pRPE) / exp [WWT] dr

1—prpE J prB
_ max _ (Zl + PRPE > / exp |:( _pRpE)r:| dr
L= prpe L=prpr/ J PR

ax =32 ]- -
_ R, _ (Zl 4 PRPE ) pPrB (exp [( pRpE)Rmax:| . 1) .
1—prpE 1—prpe) 1—prpE PrB

Then, in steady-state,

E[C (S, 2})] = pppE [Re] + B [0:] + 11,218 — (mps, +b) 272

Rmax 2 1 -
_ MpPE S <Z1 i PRPE > PEPR (exp [( PRPE)RmaX] . 1)
L —prpE 1—prpr/) 1= prpE PrB

— Zy 1 Z
+i18 <21 —m - 2) + phy — BB
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